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We consider nonlinear redshift-dependent equation of state parameters as dark energy models in
a spatially flat Friedmann-Lemaˆıtre-Robertson-Walker universe. To depict the expansion history
of the universe in such cosmological scenarios, we take into account the large scale behaviour of
such parametric models and fit them using a set of latest observational data with distinct origin
that includes cosmic microwave background radiation, Supernove Type Ia, baryon acoustic oscilla-
tions, redshift space distortion, weak gravitational lensing, Hubble parameter measurements from
cosmic chronometers and finally the local Hubble constant from Hubble space telescope. The fitting
technique avails the publicly available code Cosmological Monte Carlo (CosmoMC), to extract the
cosmological information out of these parametric dark energy models. From our analysis it follows
that those models could describe the late time accelerating phase of the universe, while they are
distinguished from the Λ−cosmology.
PACS numbers: 98.80.-k, 95.36.+x, 95.35.+d, 98.80.Es
1. INTRODUCTION
Astronomical observations from various independent
sources consistently suggest that our Universe is expand-
ing in an accelerating manner [1–6]. Various approaches
have been proposed in the literature. Those apporaches
can be classified into two big categories. The dark energy
models in which an exotic fluid is introduced in Einstein
grvaity, and the modified theories of gravity in which ge-
ometrodynamical quantities are introduced in the grav-
itational action to explain the accelerating phase of the
universe. Of course these two categories include in com-
mon the cosmological constant. Because the latter can
be seen either as a perfect fluid with negative equation
of state parameter or as a modification of the Einstein-
Hilbert Action.
Here we are interested on the parametric dark energy
models. In particular, we consider the existence of an
exotic dark energy fluid with time-varying equation of
state parameter in order to perform the fittings of the
cosmological observations. The theoretical origin of those
parametric equation of state parameters can be from the
dark energy models [7–15], or from the modified theories
of gravity [16–25] (see also the references therein).
In the last decades different parametrizations for the
dark energy equation of state have been proposed in the
literature which include some well known parametriza-
tions, namely, linear parametrization [26–28], Chevallier-
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Polarski-Linder (known as CPL) parametrization [29,
30], logarithmic parametrization [31], Jassal-Bagla-
Padmanabhan (known as JBP) parametrization [32],
Barboza-Alcaniz parametrization [33], and many more,
see also [34–39] and the references therein.
In this work we consider that the fluids of the dark
energy sector are non-interacting while for the underly-
ing geometry we consider the spatially flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) spacetime. More-
over, we assume that the total energy density of the uni-
verse is shared by baryons, radiation, dark matter and
dark energy. The dark matter is considered to be pres-
sureless while the dark energy fluid is barotropic and
represented by some parametric models. To check the
robustness of those parametric dark energy models we
consider their large scale behaviour and fit them using
the latest observational data from different astronomical
probes, namely, cosmic microwave background radiation
[40, 41], Supernove Type Ia sample [42], baryon acoustic
oscillation distance measurements [43–45], redshift space
distortion [45], weak gravitational lensing [46, 47] and
finally the history of the Hubble parameter that com-
bines the latest complilation of the cosmic chronometers
[48] and the local Hubble constant [49]. From our analy-
sis we see that the parametric dark energy models could
be an effective way to study the late time accelerating
phase of the universe. The observational constraints on
the models suggest that the current value of the dark en-
ergy equation of state is close to that of the cosmological
constant but the models are distinguished between them
and from the cosmological constant as well.
We discuss the background cosmology and introduce
the parameteric dark energy models in section 2. The
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2perturbation equations for the dark energy models have
been written in section 3. The observational data used
in our analysis have been summarized in section 4 and
consequenlty the section 5 contains the results of our sta-
tistical analysis. Finally, we close our work in section 6
with a brief outline of the whole work.
2. PARAMETRIC DARK ENERGY MODELS
The cosmological scenario of our consideration is that
of a four dimensional spacetime which is isotropic, homo-
geneous and spatially flat. In particular the line element,
i.e. the metric, is invariant under the action of the Eu-
clidean group E3. The corresponding line element of the
FLRW spacetime is,
ds2 = −N2 (t) dt2 + a(t)2 (dr2 + r2 (dθ2 + sin2 θdφ2)) ,
where a (t) is the scalar factor of the universe and N (t) is
the lapse function which without any loss of generality we
can consider that N (t) = 1. Furthremore, we consider
the comoving observer ua = 1N(t)δ
a
t , such that u
aua =
−1.
For such spacetime the Einstein’s field equation are
calculated as
H2 =
8piG
3
(ρr + ρb + ρc + ρx), (1)
2H˙ + 3H2 = −8piG(pr + pb + pc + px), (2)
where H = a˙/a, is the Hubble rate of this universe;
(ρi, pi) stand respectively, for the energy density and the
pressure of the i-th fluid where i runs over radiation (r),
baryons (b), dark matter (c) and a dark energy fluid (x).
Furthermore, we consider that all the fluid components
are minimally coupled to gravity and there is no inter-
action between the fluids. Hence, the Bianchi identity
leads to ∇νTµν = 0, in which the radiation and baryons
follow the evolution laws ρr ∝ (a/a0)−4, ρb ∝ (a/a0)−3,
respectively, while for the other two components, we have
ρc,x = ρ
0
c,x
(
a
a0
)−3
exp
(
−3
∫ a
a0
wc,x (σ)
σ
dσ
)
.
This is a general evolution equation for both dark mat-
ter and dark energy with equations of state wc, wx, re-
spectively where ρ0c,x is a shorthand notation that de-
scribes both ρ0c and ρ
0
x as the present values of the corre-
sponding energy densities, a0 is the present value of the
scale factor which is related to the cosmological redshift
z, as a0a
−1 = 1+z. For constant wc, the above equation
becomes ρc = ρ
0
c (a/a0)
−3(1+wc). In this work, we shall
consider pressureless dark matter, that is wc = 0, but the
equation of state for DE is dynamical (time-varying, i.e.
FIG. 1: Contour plots for the parametric model A (Barboza-
Alcaniz parametrization) of (3) is presented for w0 = −1.
Horizontal axis presents the redshift history while the vertical
axis takes the values of the constant wa.
wx = wx(a (t))) while in particular we consider four non-
linear functions wx (a), where three of which have been
proposed before in the litterature and we propose a new
parameterization in this work.
The scope of our analysis is to study the viability of
those models with the use of the recent cosmological data,
and also to determine the best parameters of the models.
Let us remark that throughout the work we set a0 = 1.
2.1. Model A
As the first model we consider the Barboza-Alcaniz
equation of state parameter [33] which has two free pa-
rameters
wx(z) = w0 + wa
z(1 + z)
1 + z2
. (3)
Parameter w0 gives the value of wx at present, that is
w0 = wx (z → 0), while for large values of z, wx (z) be-
comes constant. Moreover, the parameter wa denotes
the rate of change of the equation of state parameter to-
day, that is, wa =
dwx
dz |z→0. One can easily realize that
this parametrization is divergence free.
In Fig. 1 the evolution of the the parametric model is
presented in terms of the redshift and the second param-
eter wa.
32.2. Model B
A nonlinear model for the equation of state parmater
of dark energy was proposed in [35]. The functional form
of the model as presented in [35] is
wx(z) = −1 + 1
3
(
β(1 + z)
α+ β(1 + z)
)
where parameters α and β are positive real numbers.
However, although the model contains two free parame-
ters but it is easy to see that there is only one real free
parameter.
In particular, we consider a natural generalization of
the model and we consider the following functional form
wx(z) = w1 +
1
3
(
(1 + z)
w2 + (1 + z)
)
, (4)
where w1, w2 (6= 0, − 1), are the free parameters1. Now
considering the present value of the dark energy equation
of state, w0, for the parametrization (4) one has w0 =
w1+
1
3(w2+1)
. However, we observe that for large redshifts
the equation of state parameter for the model becomes
constant in a similar way with that of the first model (3).
It is easy to see that using the current value of the dark
energy equation of state w0, the parametrization (4) can
be recast as
wx(z) =
(
w0 − 1
3 (w2 + 1)
)
+
1
3
(
(1 + z)
w2 + (1 + z)
)
, (5)
We note that the model (5) may diverge at finite time
given by z = −1−w2. However, we make it clear that for
w2 > 0 the model does not show any diverging nature in
past or future. The model sustains its diverging character
only for the negative values of w2. Precisely, one can
find that (5) could diverge at past or future, respectively
for w2 < −1 or −1 < w2 < 0. Moreover, in Fig. 2
we present the evolution of the parametric equation of
state parmeter in terms of the cosmic history and the
free parameter w2.
2.3. Model C
We introduce another model that was originally intro-
duced in [36]. We note that except the nonlinear char-
acter, the equation of state parameter depends on the
energy density of the matter sector (cold dark matter
plus baryons), that is,
1 It must be mentioned that w2 cannot take 0, − 1 because, for
w2 = 0, wx(z) becomes constant while for w2 = −1, the model
diverges at z = 0, which is unphysical.
FIG. 2: Contour plots for the parametric model B (Zhang et
al. parametrization) of (5) is presented for the free parameter
w0 = −1. Horizontal axis presents the redshift history while
the vertical axis provides the second parameter w2.
wx(z) =
a1 + 3(Ωm0 − 1)− 2a1z − a2(z2 + 2z − 2)
3(1− Ωm0 + a1z + 2a2z + a2z2) ,
(6)
where a1, a2 are free constants and Ωm0, is the current
density parameter for matter sector.
One can observe that both for a1 = a2 = 0, wx(z) =
−1. Thus, in order for (6) to represent a dynamical equa-
tion of state for the dark energy model, one of the free
parameters, namely a1, a2 must be nonzero. However,
since (6) is a rational function, so one may realize that
the model could exhibit past or future singularities de-
pending on the free parameters. Let us first consider the
simplest cases when only one of a1 and a2 is zero. For
instance, if we consider that a2 = 0, but a1 6= 0, we see
that the model (6) gives a singularity at z = −
(
1−Ω0
a1
)
.
Now, this sigularity could be at past or present depend-
ing on the nature of a1. For a1 < 0, the singularity
appears at z > 0, that means a past singularity while
for a1 > 0, the singularity arises at z < 0 menaing a fu-
ture singularity. We consider the second possibility when
a1 = 0, but a2 6= 0. Here two distinct possibilities arise
− when a22−a2(1−Ωm0) < 0, we do not have any singu-
larity but for a22−a2(1−Ωm0) > 0 we have singularities.
Now for this second case, if a2 < 0, then we always have
a singularity given by z = −1 − 1a2
√
a22 − a2(1− Ωm0).
This singularity can be classified as past or future sin-
gularity whether z > 0, or −1 < z < 0, respec-
tively. On the other hand, for a2 > 0, singularity ex-
ists for a2 > (1 − Ωm0) and the singularity occurs at
z = −1 + 1a2
√
a22 − a2(1− Ωm0). One can similarly clas-
sify this singularity as described just above. Now we
4FIG. 3: Contour plots for the parametric model C (Nesseris
and Perivolaropoulos parametrization) of (6) is presented for
the free parameter Ωm0 = 0.30 and wx (z → 0) = −1. Hori-
zontal axis presents the redshift history while the vertical axis
provides the free parameter a1.
consider the general case when a1 6= 0 and a2 6= 0. We
notice that the parametrization could have real singular-
ities if (2a2 + a1)
2 − 4a2(1 − Ωm0) > 0. However, for
(2a2 + a1)
2 − 4a2(1 − Ωm0) < 0, one does not encouter
with any real singularities in the above parametrization.
The evolution of this equation of state parameter is
displayed in Fig. 3 for Ωm0 = 0.30 and the constraint
wx (a→ 1) = −1.
2.4. Model D
We introduce the final model in this series having the
following form
wx(z) = w0 +
wb
1 + z
ln(1 + z) (7)
where w0 is the current value of wx(z) and wb is any
free parameter. We note that for z → ∞, wx(z) → w0.
One can see that at low redshifts, the model (7) recovers
the CPL parametrization wx(z) = w0 − wb
(
z
1+z
)
. That
means at very low redshifts, the evolution of (7) and the
evolution of the CPL parametrization are equivalent.
In Fig. 4 we present the evolution of the parametric
equation of state parmeter in terms of the cosmic history
and the free parameter wb.
FIG. 4: Contour plots for the parametric model D (The new
parametrization) of (7) is presented for w0 = −1. Horizontal
axis presents the redshift history while the vertical axis takes
the values of the constant wb.
3. DYNAMICAL DARK-ENERGY AT
PERTURBATIVE LEVEL
The most general scalar mode perturbation is charac-
terized by the following metric [53–55]
ds2 = −(1 + 2φ)dt2 + 2a∂iBdtdx+
a2[(1− 2ψ)δij + 2∂i∂jE]dxidxj . (8)
In this work we follow some standard formalism as de-
scribed in Ref. [54], and adopt the synchronous gauge,
that means we consider φ = B = 0, ψ = η, and
k2E = −h/2 − 3η. Using the above metric in consid-
eration of the synchronous gauge, the conservation equa-
tions for the i-th component of the fluid are found to
be
δ′i = −(1 + wi)
(
θi +
h′
2
)
− 3H
(
δPi
δρi
− wi
)
δi , (9)
θ′i = −H(1− 3wi)θi −
w′i
1 + wi
θi +
δPi/δρi
1 + wi
k2 δi − k2 σ.
(10)
Here the prime is the derivative with respect to the con-
formal time; H = a′/a, is the conformal Hubble param-
eter; and the remaining quantities σ, δi, θi, are respec-
tively denote the shear, density perturbation and the ve-
locity pertubation. The DE perturbation equations fol-
5Parameters Priors Mean with errors Best fit
Ωch
2 [0.01, 0.99] 0.1186+0.0013+0.0024−0.0013−0.0025 0.1195
Ωbh
2 [0.005, 0.1] 0.0223+0.0001+0.0003−0.0002−0.0003 0.0223
100θMC [0.5, 10] 1.0406
+0.0003+0.0006
−0.0003−0.0006 1.0406
τ [0.01, 0.8] 0.0636+0.0170+0.0341−0.0173−0.0338 0.0502
ns [0.5, 1.5] 0.9753
+0.0044+0.0090
−0.0044−0.0085 0.9718
ln(1010As) [2.4, 4] 3.0676
+0.0326+0.0661
−0.0335−0.0640 3.0468
w0 [−2, 0] −0.9589+0.0871+0.1797−0.0910−0.1796 −0.9112
wa [−1, 1] −0.1536+0.2109+0.3705−0.1623−0.3740 −0.2828
Ωm0 − 0.3031+0.0079+0.0168−0.0091−0.0158 0.3051
σ8 − 0.8197+0.0144+0.0268−0.0132−0.0271 0.8177
H0 − 68.3496+0.8667+1.6581−0.8664−1.6475 68.3179
χ2min − − 13720.556
TABLE I: The table summarizes the observational constraints
of the free and derived parameters of the Model A (Barboza-
Alcaniz model) for the combined observational data Planck
TT, TE, EE + lowTEB + JLA + BAO + RSD + WL + CC
+ H0. Here, Ωm0 = Ωc0 + Ωb0.
low
δ′x = −(1 + wx)
(
θx +
h′
2
)
− 3Hw′x
θx
k2
− 3H (c2s − wx) [δx + 3H(1 + wx)θxk2
]
, (11)
θ′x = −H(1− 3c2s)θx +
c2s
1 + wx
k2 δx (12)
where without any loss of generality and simplicity we
assume σ = 0; c2s, is the physical sound speed in the rest
frame which we set to be unity to avoid any kind of un-
physical behaviour. The perturbation equations for the
other components, namely, the baryons, radiation, and
pressureless dark matter follow the standard equations
as described in [53–55].
4. OBSERVATIONAL DATA SETS
To constrain the four parametric dark energy models
we have used the latest astronomical data from several
sources. In the following we briefly describe the employed
data sets and their sources.
• The Cosmic Microwave Background data (CMB)
given by the Planck 2015 collaboration [40,
41] have been used here. Here we combine the like-
lihoods CTTl , C
EE
l , C
TE
l in addition to the low−l
polarization data. We identify this data with the
notation CTEl + C
EE
l + C
BB
l .
• The joint light curve (JLA) sample [42] provides
with 740 Supernovae Type Ia (SNIa) data in the
redshift range z ∈ [0.01, 1.30].
66.0 67.5 69.0 70.5
H0
0.6
0.3
0.0
0.3
w
a
0.285
0.300
0.315
0.330
m
0
0.775
0.800
0.825
0.850
8
1.20 1.05 0.90 0.75
w0
66.0
67.5
69.0
70.5
H
0
0.6 0.3 0.0 0.3
wa
0.285 0.300 0.315 0.330
m0
0.775 0.800 0.825 0.850
8
FIG. 5: The figure displays the 68.3% and 95.4% confidence-
level contour plots for different combinations of the model pa-
rameters of the Barboza-Alcaniz parametrization (3) using the
combined analysis Planck TT, TE, EE + lowTEB + JLA +
BAO + RSD + WL + CC + H0.
Parameters Priors Mean with errors Best fit
Ωch
2 [0.01, 0.99] 0.1182+0.0012+0.0023−0.0013−0.0023 0.1183
Ωbh
2 [0.005, 0.1] 0.0223+0.0001+0.0003−0.0002−0.0003 0.0223
100θMC [0.5, 10] 1.0406
+0.0003+0.0006
−0.0003−0.0006 1.0408
τ [0.01, 0.8] 0.0662+0.0168+0.0344−0.0182−0.0324 0.0688
ns [0.5, 1.5] 0.9762
+0.0039+0.0081
−0.0043−0.0075 0.9787
ln(1010As) [2.4, 4] 3.0721
+0.0328+0.0668
−0.0349−0.0636 3.0799
w0 [0, 2] −1.0449+0.0361+0.0677−0.0322−0.0717 −1.0416
w2 [−3, 3] 0.2254+0.0509+0.3364−0.2254−0.2254 0.0220
Ωm0 − 0.2991+0.0072+0.0147−0.0079−0.0142 0.2971
σ8 − 0.8198+0.0147+0.0266−0.0139−0.0276 0.8269
H0 − 68.7052+0.8192+1.6440−0.8120−1.6566 68.9673
χ2min − − 13722.266
TABLE II: The table summarizes the observational con-
straints of the free and derived parameters of Model B (5)
(Zhang et al. parametrization) for the combined observational
data Planck TT, TE, EE + lowTEB + JLA + BAO + RSD
+ WL + CC + H0. We note that, Ωm0 = Ωc0 + Ωb0.
• The Baryon acoustic oscillations (BAO) distance
measurements from various collaborations are used.
In particular, for the BAO data we consider the
estimated ratio of rs/DV as a ‘standard ruler’ in
which rs is the comoving sound horizon at the
baryon drag epoch and DV is the effective distance
determined by the angular diameter distance DA
and Hubble parameter H taking the form DV (z) =[
(1 + z)2DA(a)
2 z
H(z)
]1/3
. For this data set, we use
four BAO points, namely the 6dF Galaxy Survey
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FIG. 6: The figure displays the 68.3% and 95.4% confidence-
level contour plots for different combinations of the model pa-
rameters of the Zhang et al. parametrization (5) using the
combined analysis Planck TT, TE, EE + lowTEB + JLA +
BAO + RSD + WL + CC + H0.
Parameters Priors Mean with errors Best fit
Ωch
2 [0.01, 0.99] 0.1182+0.0012+0.0025−0.0013−0.0024 0.1186
Ωbh
2 [0.005, 0.1] 0.0223+0.0002+0.0003−0.0002−0.0003 0.0222
100θMC [0.5, 10] 1.0406
+0.0003+0.0006
−0.0003−0.0006 1.0405
τ [0.01, 0.8] 0.0687+0.0166+0.0328−0.0165−0.0344 0.0604
ns [0.5, 1.5] 0.9761
+0.0045+0.0083
−0.0042−0.0084 0.9768
ln(1010As) [2.4, 4] 3.0759
+0.0324+0.0627
−0.0325−0.0640 3.0658
a1 [−1, 0] −0.1379+0.1107+0.1379−0.0548−0.1613 −0.1113
a2 [0, 1] 0.0244
+0.0058+0.0366
−0.0244−0.0244 0.0138
Ωm0 − 0.2984+0.0074+0.0144−0.0073−0.0137 0.2990
σ8 − 0.8195+0.0135+0.0252−0.0130−0.0268 0.8222
H0 − 68.7759+0.7928+1.5598−0.8318−1.5894 68.7964
χ2min − − 13723.394
TABLE III: The table summarizes the observational con-
straints of the free and derived parameters of the Model C
(Nesseris-Perivolaropoulos parametrization) for the combined
observational data Planck TT, TE, EE + lowTEB + JLA +
BAO + RSD + WL + CC + H0. We note that, Ωm0 =
Ωc0 + Ωb0.
(6dFGS) measurement at zeff = 0.106 [43], the
Main Galaxy Sample of Data Release 7 of Sloan
Digital Sky Survey (SDSS-MGS) at zeff = 0.15 [44],
and the CMASS and LOWZ samples from the lat-
est Data Release 12 (DR12) of the Baryon Oscil-
lation Spectroscopic Survey (BOSS) at zeff = 0.57
[45] and zeff = 0.32 [45].
• We use the Redshift space distortion (RSD) data
from two observational surveys which include the
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FIG. 7: The figure displays the 68.3% and 95.4% confidence-
level contour plots for different combinations of the model pa-
rameters of the Nesseris-Perivolaropoulos parametrization (6)
using the combined analysis Planck TT, TE, EE + lowTEB
+ JLA + BAO + RSD + WL + CC + H0.
Parameters Priors Mean with errors Best fit
Ωch
2 [0.01, 0.99] 0.1182+0.0011+0.0023−0.0012−0.0023 0.1186
Ωbh
2 [0.005, 0.1] 0.0223+0.0001+0.0003−0.0001−0.0003 0.0223
100θMC [0.5, 10] 1.0406
+0.0003+0.0006
−0.0003−0.0006 1.0405
τ [0.01, 0.8] 0.0677+0.0161+0.0339−0.0179−0.0317 0.0616
ns [0.5, 1.5] 0.9762
+0.0039+0.0080
−0.0043−0.0077 0.9732
ln(1010As) [2.4, 4] 3.0741
+0.0309+0.0677
−0.0344−0.0624 3.0669
w0 [−2, 0] −1.0533+0.0362+0.0639−0.0321−0.0668 −1.0376
wb [0, 2] 0.0971
+0.0160+0.1694
−0.0971−0.0971 0.0201
Ωm0 − 0.2987+0.0071+0.0145−0.0070−0.0143 0.3011
σ8 − 0.8212+0.0125+0.0278−0.0147−0.0243 0.8189
H0 − 68.7539+0.7703+1.6054−0.8010−1.5505 68.5523
χ2min − − 13722.95
TABLE IV: The table summarizes the observational con-
straints of the free and derived parameters of the Model D
(The new parametrization) for the combined observational
data Planck TT, TE, EE + lowTEB + JLA + BAO + RSD
+ WL + CC + H0. We note that, Ωm0 = Ωc0 + Ωb0.
CMASS sample with an effective redshift of zeff =
0.57 [45] and the LOWZ sample with an effective
redshift of zeff = 0.32 [45].
• Moreover, we consider the weak gravitational lens-
ing (WL) data from blue galaxy sample compliled
from Canada−France−Hawaii Telescope Lensing
Survey (CFHTLenS) [46, 47].
• Finally, cosmic chronometers (CC) plus the local
value of the Hubble parameter (CC + H0) are
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FIG. 8: The figure displays the 68.3% and 95.4% confidence-
level contour plots for different combinations of the model pa-
rameters of the new parametrization (7) using the combined
analysis Planck TT, TE, EE + lowTEB + JLA + BAO +
RSD + WL + CC + H0.
added with the previous data sets. The cosmic
chronometers data compile 30 measurements of the
Hubble parameter values in the redshift interval
0 < z < 2 [48] and they are determined through
a model independent manner, hence, they are be-
lieved to provide with crucial information from the
cosmological model. The local value of the Hubble
parameter from the Hubble Space Telescope yields
H0 = 73.02 ± 1.79 km/s/Mpc with 2.4% precision
as determined recently in [49].
5. RESULTS OF THE OBSERVATIONAL
CONSTRAINTS
Let us summarize the main observational constraints
extracted from the parametric dark energy models us-
ing the combined astronomical data Planck TT, TE, EE
+ lowTEB + JLA + BAO + RSD + WL + CC + H0.
The analysis is based on the total likelihood L ∝ e−χ2tot/2,
where χ2tot =
∑
j χ
2
j , and j runs over all the data sets such
as CMB (Planck TT, TE, EE + lowTEB), JLA, BAO,
RSD, WL, CC and H0. For the statistical analysis, we
use the Markov Chain Monte Carlo package cosmomc,
a Metropolis-Hastings algorithm [50, 51] which extracts
the cosmological constraints in an efficient way following
a convergence criteria of the model parameters based on
the Gelman-Rubin statistics [52]. Precisely, for each dark
energy model, we modify a fast Boltzmann code known
as CAMB (Cosmic Anisotropy Microwave Background)
within the cosmomc pacakge to solve the evolution equa-
tions and consequently, the χ2tot function for the com-
FIG. 9: The evolution of the dark energy equation of state for
models A−D using the mean values from Planck TT, TE, EE
+ lowTEB + JLA + BAO + RSD + WL + CC + H0. Solid
line is for model A, dash-dot line for model B, dash-dash line
for model C and dot-dot line is for model D. From the plot it
can be seen that all the models cross the phantom divine line
in the past while only model A provides an equation of state
parameter with value bigger than minus one at the present
time.
bined data set. Finally, calling cosmomc we explore the
parameters space for the models. In all parametric mod-
els, we have the following eight-dimensional parameters
space
P ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, P1, P2, ns, log[10
10As]
}
,
(13)
where P1, P2 are the model parameters and the remain-
ing parameters (Ωbh
2, Ωch
2, 100θMC , τ , ns, As) are re-
spectively the baryons density, cold dark matter density,
ratio of sound horizon to the angular diameter distance,
optical depth, scalar spectral index, and the amplitude of
the initial power spectrum. In the following we describe
the results for each model.
• Model A: We constrain this parametrization us-
ing the combined observational data mentioned
above. The Table I summarizes the observational
constraints of the free parameters (w0, wa) of this
model as well as the derived parameters (σ8, Ωm0,
H0) and the Figure 5 displays the 68.3% (1σ) and
95.4% (2σ) confidence-level contour plots for sev-
eral combinations of the free and derived parame-
ters. Our analysis shows that the best fit and the
mean value of the dark energy equation of state,
wx, for this parametrization show its quintessen-
tial nature, however, one cannot exclude the pos-
sibility of the dark energy equation of state to
be phantom. In fact at 1σ lower confidence-level,
8wx < −1, but that is very close to the cosmolog-
ical constant wx = −1. However, we note that
the observed tension between the different values
of H0 reported from the local (H0 = 67.27 ± 0.66
Km s−1 Mpc−1) [49] and the global measurements
(H0 = 73.24 ± 1.74 Km s−1 Mpc−1) [6] may be
reconciled for this model. This might be con-
sidered to be one of the interesting properties in
the dynamical DE models. We finally note that
the estimation of σ8 (= 0.8197
+0.0144
−0.0132 at 68.3%
confidence-level) for this model is close to the
Planck’s ΛCDM based estimation, in particular
when lensing is added to either Planck TT+lowP
or Planck TT, TE, EE+lowP. Precisely the esti-
mated values of σ8 are σ8 = 0.8149 ± 0.0093 at
68.3% confidence-level (Planck TT+lowP+lensing)
[6] and σ8 = 0.8150 ± 0.0087 at 68.3% confidence-
level (Planck TT, TE, EE+lowP+lensing) [6].
The addition of external data (BAO+JLA+H0)
to both Planck TT+lowP+lensing or Planck TT,
TE, EE+lowP+lensing does not offer any signifi-
cant changes to σ8, see [6].
• Model B: We summarize the observational con-
straints for this model in Table II and in Figure 6
we show the corresponding contours at 68.3% and
95.4% confidence-levels. For the analysis we have
used the same observational data as mentioned.
Here we see that both best fit and the mean val-
ues of the dark energy equation of state wx, are
phantom! In fact, within 1σ confidence-level, the
dark energy equation of state remains phantom,
i.e. wx < −1, however, within 2σ confidence-level
it is quintessential. One can further notice that
the model can be considered to reconcile the cur-
rent tension on H0 within a confidence level slightly
greater than 1σ. Further, we also see that the value
of σ8 for this model is very similar to the estimated
value of σ8 for Model A and also very close to the
Planck’s ΛCDM based estimation in presence of
lensing [6].
• Model C: As far as the authors are concerned with
[36], this model has not been constrained yet due to
its very complicated nature. Using the monte-carlo
simulation and the same observational data, we
found that the model can be constrained. Thus, we
present the observational constraints of this model
summarized in Table III while Figure 7 shows the
1σ and 2σ confidence-level contour plots for several
combinations of the free and derived parameters.
Using the constrained values of the free parameters
a1 and a2 and the derived parameter Ωm0, the cur-
rent value of the dark energy equation of state, w0,
can be reproduced. The mean and the best fit val-
ues of w0 up to 4 places of decimal can be found to
be −1.0426, and −1.0401, respectively, which show
that both mean and the best fit values of the dark
energy equation of state for this model are very
close to the cosmological constant boundary ‘−1’.
The current tension on H0 can also be relieved in
this dynamical model in the confidence level greater
than 1σ. Concerning the estimated value of σ8, this
model also follows similar trend to that of Model A
and B and hence Planck’s estimation in presence
of lensing [6].
• Model D: This is a new model proposed in this
work. Using the same combined analysis applied to
the previous models we constrain this model with
results summarized in Table IV and the correspond-
ing contour plots at 1σ and 2σ confidence-levels dis-
played in Figure 8. We see that the current value
of the dark energy equation of state, w0, for this
model crosses the phantom divide line, moreover,
within 1σ confidence-level, w0 < −1. However, the
results on w0 show that within 2σ confidence-level,
the behaviour of w0 becomes quintessential. Con-
cerning the current tension on H0, this model fol-
lows a similar trend to Models B and C. However,
one can see that the model allows a slight greater
value of σ8 in compared to its value obtained for
the Models A−C as well as from the Λ-cosmology
[6]. One can see that Model D is slightly differ-
ent from the other three models, but however, the
difference is not much significant.
We close this section with Figure 9 that shows the
behaviour of wx(z) for models A − D using the mean
values of the free and derived parameters from the said
analysis. The figure shows that at late time, the models
B−D cross the cosmological constant boundary leading
to a phantom dark energy dominated universe while for
model A the dark energy equation of state still lies just
above the cosmological constant line, which hints for a
quintessence dark energy dominated universe.
6. SUMMARY AND CONCLUSIONS
The theory of dark energy has been one of the central
themes for describing the current accelerating phase of
the universe. From the simplest cosmological constant
to several complicated dark energy models are included
in this category. Parametric dark energy models are one
of them where the evolution of the dark energy models
are described through their equations of state. In this
work we consider some parametric dark energy models,
namely, Model A, Model B, Model C and Model D in
order to understand the late-evolution of the universe.
Among these models although Model A has been tested
earlier with the observational data while the others are
not, but still we tested Model A again in order to up-
date its observational constraints from the latest obser-
vational data that we employ in this work. To provide a
better constarints on the models, we consider the large
scale behaviour of the models and examine the models
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FIG. 10: Angular CMB temperature power spectra for the Λ-
cosmology (LCDM) and the parametric dark energy models
A−D have been displayed using the mean values of the model
parameters from Planck TT, TE, EE + lowTEB + JLA +
BAO + RSD + WL + CC + H0. We see that the curves in
the plot are almost indistinguishable from each other meaning
their closeness to each other.
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FIG. 11: Matter power spectra for the Λ-cosmology (LCDM)
and the parametric dark energy models A−D using the mean
values of the model parameters from Planck TT, TE, EE +
lowTEB + JLA + BAO + RSD + WL + CC + H0. The
curves in the plot cannot be distinguished from each other
which means that the models at large scales are very close
to each other.
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FIG. 12: The figure displays the relative deviations in the
CMB TT spectra (∆CTTl /C
TT
l ) and the matter power spec-
tra (∆PTTk /P
TT
k ) from the flat Λ-cosmology (LCDM) using
the combined analysis Planck TT, TE, EE + lowTEB +
JLA + BAO + RSD + WL + CC + H0. Here, ∆C
TT
l =
CTTl
∣∣
model
−CTTl
∣∣
LCDM
and CTTl = C
TT
l
∣∣
LCDM
. Similarly,
∆P (k) = P (k)
∣∣
model
−P (k)∣∣
LCDM
and P (k) = P (k)|LCDM .
One can notice that the parametric dark energy models in (3),
(4), (6) and (7) have deviations from the flat Λ-cosmology,
however, from the deviations as seen in both the plots one can
conclude that the models are not far from the Λ-cosmology.
with the combined analysis of cosmic microwave back-
ground radiation, Supernove Type Ia, baryon acoustic
oscillations, redshift space distortion data, weak gravita-
tional lensing data, cosmic chronometers plus the local
Hubble constant measured at 2.4% precision. Finally, we
use the Markov Chain Monte Carlo package cosmomc, a
Metropolis-Hastings algorithm [50, 51] to fit all the mod-
els.
Our analysis shows that at present epoch the Models
B, C and D may allow the dark energy equation of state
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to cross the cosmological constant boundary ‘wx = −1’,
however, the equation of state for those models always
stays very close to ‘−1’. For Model A the dark energy
equation of state at present is quintessential. Moreover,
we find that within 68.3% confidence region, Model A
can alleviate the current tension on H0 as suggested from
the local [49] and global measurements [6] while the other
models allow such property in a greater confidence level
than 68.3%. We have also found that the values of σ8 for
all models are almost similar and they are in agreement
with the ΛCDM based Planck’s estimation [6], although
for model D, a slightly higher value of σ8 is preferred
which however is not a serious issue to make a strong
comment. In summary we find that the observational
constraints on the models suggest that the current value
of the dark energy equation of state is close to wx = −1,
but effectively the models differ from that of Λ-cosmology
for non-null values of wa, w2, wb, a1 and a2.
Furthermore, using the same observational data de-
scribed above, we derive that χ2min = 13723.806
(ΛCDM), χ2min = 13720.556 (Model A), χ
2
min =
13722.266 (Model B), χ2min = 13723.394 (Model C)
and χ2min = 13722.95 (Model D). We observe that all
the models fit the data in a similar way. It is impor-
tant to mention that the parametric dark energy mod-
els have more degrees of freedom in compared to the Λ-
cosmology. However, by using the Akaike information
criterion [56, 57] to study the relation between the mod-
els with different degrees of freedom we can say that those
models are statistically equivalent, at least with the cur-
rent observational data.
Last but not least, in Figs. 10 and 11 we respectively
show the angular CMB tempertaure power spectra and
the matter power spectra for the parametric dark energy
models in compared to the flat Λ-cosmology from which
we observe that the parametric models are very close to
each other as well as also with the Λ-cosmology. However,
since the models are dynamical and different from one an-
other, it is anticipated that they should exhibit deviation
from each other (whatever small it could be) as well as
from the Λ-cosmology. We note that the differences of
the models are not detected from Fig. 10 and Fig. 11
while from the Fig. 12 measuring the relative deviations
of the models to that of the Λ-cosmology in terms of the
CMB TT spectra and matter power spectra, one can see
that the models have deviations from each other as well
as from Λ-cosmology. That is an expected result because
in the past those parametric models should almost have
a constant value for the equation of state parameter.
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